
ISRAEL JOURNAL OF MATHEMATICS 123 (2001), 253-272 

TAIL FIELD REPRESENTATIONS 
AND THE ZERO-TWO LAW* 

BY 

M U S T A F A  A K C O G L U  

Department of Mathematics, University of Toronto 
Toronto, Ontario, Canada M5S 1A1 

e-mail: akcoglu@math.toronto.edu 

AND 

J O H N  B A X T E R  

Department of Mathematics, University of Minnesota 
Minneapolis, MN 55455, USA 
e-mail: baxter@math.umn.edu 

ABSTRACT 

T h e  zero-two law was proved for a posit ive L l - eon t r ac t i on  T by Orns te in  

and  Sucheston,  and  gives a condi t ion which implies T n f - T  n+ I f _~ 0 for 

all f .  Ex tens ions  of  this  result  to the  case of a posit ive Lp-contra~tion,  

1 _< p < c~, have  been  obta ined  by several  au thors .  In the  present  paper  

we prove a t heo rem which is related to work of W i t t m a n n .  

We will say t h a t  a posit ive cont rac t ion  T conta ins  a circle of  l eng th  m 

if there  is a nonzero funct ion  f such  t ha t  the  i tera ted values f, T f , . . . ,  
T m - l f  have disjoint suppor t ,  while Tmf  = f.  Similarly, a cont rac t ion  

T conta ins  a line if for every m there  is a nonzero  funct ion  f (which 

may  depend  on m)  such  t ha t  f ,  T f , . . .  , T m - l f  have disjoint suppor t .  

App rox i ma t e  forms of these  condit ions axe defined, which are referred to 

as a sympto t i c  circles and  lines, respectively. We show (Theorem 3) t h a t  

if t he  conclusion T n f  - T n + I f  -+ 0 of the  zero-two law does not  hold for 

all f in Lp, t h e n  ei ther  T conta ins  an  a sympto t i c  circle or T conta ins  an  

a sympto t i c  line. T h e  point  of  this  resul t  is t ha t  any  condi t ion on T which 

excludes circles and  lines mus t  t hen  imply the  conclusion of t he  zero-two 

law. 

T h e o r e m  3 is proved by means  of the  represen ta t ion  of a posit ive Lp- 
contrac t ion  in t e rms  of an  Lp-isometry.  Asympto t i c  circles and  lines for 

* R e s e a r c h  s u p p o r t e d  in  p a r t  by  N S E R C .  

R e c e i v e d  J u l y  28, 1999 
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T correspond to exact circles and lines for the isometry on tail-measurable 

functions, and exact circles and lines for the isometry are obtained using 

the Rohlin tower construction for point transformations. 

1. Introduct ion  

Let (X, ~', #) be a measure space, and let p be real, 1 _< p _< co. For any bounded 

operator T from Lp(X,  jz, #) to Lv(X,  jc, #) such that T f  >_ 0 whenever f _> 0, 

we will say that  T is positive. We write L+(X,  ~ ,  #) to denote the nonnegative 

elements of Lp(X,  jz, #). If [[T[[ _< 1 we will say that T is a contraction. In 1970 

Ornstein and Sucheston proved the zero-two law for a positive Ll-contraction. 

Their basic result, given as Theorem 1.1 in [12], was the following. 

THEOaEM 1 (Ornstein and Sucheston): Let T be a positive linear contraction 

on L1. Assume there is some e > 0 such that for every f E L1 + we have 

(1) lim l lT" f  - T"+ l f l l l  < 2(1 - e)llflll- 
. - - + o o  

Then for every f E L1 we have 

(2) lira JJTnf - T"+l fJJl = O. 
. - - f f o o  

Several extensions of this theorem are known, for example [8], [9], [7], [18], 

[10], [14], [16], [17], [19]. In particular, extensions to the case of operators on 

L v have been obtained. The main result of the present paper, stated below as 

Theorem 3, is another extension of the zero-two law in Lp, 1 < p < co. Before 

stating Theorem 3 we will review some related earlier work. 

The first zero-two law in Lp for p > 1 was obtained by Zaharopol [18], for 

1 < p < co, p # 2. Katznelson and Tzafriri [10] used a different method and 

were able to prove the same result for contractions on function spaces in a class 

which includes Lp for all p with 1 < p < co. These results gave convergence in 

uniform norm for T"  - T  "+1, and in the hypotheses assumed asymptotic bounds 

on the linear modulus of T"  - T "+1, which we will write as IT" - T"+l l .  The 

linear modulus IT" - T " + l l  is, in general, a larger operator than T n - T  "+1. 

Later, in [17], Theorems 1.1 and 2.2, uniform and strong operator convergence 

results were proved in which both the hypotheses and the conclusions were based 

on I T " - T  n+l I. In [19], Theorem E, uniform operator convergence for I T " - T " + l l  

was obtained in the setting of Banach lattices (cf. [19], [15]). 
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Another criterion for strong operator convergence in Lp was given in [16], and, 

unlike the results just mentioned, is not formulated in terms of the linear modulus 

IT" - T~+II. 

THEOREM 2 (Wittmann):  Let T be a positive linear contraction on Lp. Let ap 

be defined for 1 < p < oo by 

[ (1 + x) .  + (1 + y)p + (y - 1/. 
(3) ~p 

o<x<ysup ~ 1 + xP + yP ) 

The following conditions are equivalent: 

(i) 

(4) lim IITnf - T"+lf l lp  = 0 for every f 6 Lp. 
n - + o o  

(ii) There exists some e > 0 such that 

(5) 1 i2~ liTer - T"+l fllv < (1 - e)21/Pilfllp for every f e L +. 

(iii) There exists some e > 0 such that 

(6) lira IlT'*f - Tn+lf[lv <_ (1 - e)~pl[fllv for every f e L v. 
n - - ~  o o  

(iv) There exists some e > 0 such that 

(7) nli21 [l(Tnf - Tn+lf)+l[ p < (1 - e)l[ft[ p for every f 6 L +. 

Theorem 2 is not implied by the earlier results mentioned, since the conditions 

of Theorem 2 are satisfied whenever T '~ - T "+1 -~ 0 in the strong operator 

topology, and easy examples exist of positive contractions T such that  T n - T '*+1 

converges to 0 in the strong operator topology but the linear modulus IT n -  T'~+I[ 

does not converge to 0 in any sense. 

The quantity ap in Theorem 2 is related to certain particularly simple Lp- 

contractions. For each m = 1 ,2 ,3 , . . . ,  let T,~ be defined by Tin: { 1 , . . . , m }  -+ 

{1 , . . .  ,m} ,  "rm(i) = i + 1  for i = 1 , . . .  , m - - l ,  rm(m) = 1. Let #m be the counting 

measure on { 1 , . . . , m } .  Let Tm be the operator defined by T m f  = f o "rm. Tm 

is an isometry on Lp(#m) for every p. We will refer to Trn as the circle shift 

isometry of length m. Similarly, let Too be the shift on the integers defined by 

Too: Z --+ Z, r~( i )  = i + 1 for all i 6 Z, let/zoo denote the counting measure on 

Z, and let Toof = f o T, SO that  Too is an isometry on Lp(/z~) for every p. We 

will refer to Too as the infinite line shift isometry. 
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Let ap(m) = I I I  - Tro l l ,  where I - T m  is considered as an operator on Lp(#m), 

1 < p < co, and define an(co ) similarly. Clearly, ap(m) _< 2 for all m and all 

p. By considering the function f ( i )  = ( - 1 )  i, it is easy to see that  ap(m) = 2 

for m even and for m = co, and (cf. [16]) that  ap(3) is equal to the quantity 

ap defined in Theorem 2. Using the Riesz Convexity Theorem much as in [16], 

we see readily that  ap(m) > ap(3) for all m >_ 2. Thus we conclude that  ap is 

the smallest value of [1I - T[[ for any T which is a circle or an infinite line shift 

isometry. 

Using the remarks just made, it is almost immediate that  each of the statements 

in Theorem 2 is false if the contraction T in the theorem is a circle shift isometry 

or an infinite line shift isometry. This fact, together with an example given in [10], 

motivates the next definition. 

Definition 1: Let T be a positive linear contraction on Lp, for some p 

with 1 _< p < co. For any positive integer m, we will say that  the T con- 

tains an asymptot ic  circle of length m if for every c > 0 there exists f E L + with 

l imn- .~  IITnf[lp >_ 1 such that  for all sufficiently large n we have 

[[T~+~/m T=+3/[I p < e for 0 < i < j < m, (8) 

and 

(9) IIT +mf - T " f l l p  < 

Similarly, for any positive integer m, we will say that  T contains an asymp- 

totic line segment of length m if for every r > 0 there exists f E L + with 

lim~-~or IlT~fllp _ 1 such that  for all sufficiently large n, condition (8) holds. 

The point of this definition is given in the next theorem. 

THEOREM 3: Let T be a positive linear contraction on Lp, for some p with 

1 < p < co. Consider the following two statements. 

(a) T contains an asymptotic circle of length m >_ 2. 

(b) T contains an "asymptotic infinite line", that is, T contains asymptotic line 

segments of length m for every positive integer m. 

Suppose neither of these statements (a) and (b) is true. Then for every f E L; 

we have 

(10) lira IIT' f - T n + l  f l lp  = O. 
n - - b o o  

Theorem 3 easily implies Theorem 2, since conditions (a) and (b) of Theorem 3 

are incompatible with each of the conditions (i)-(iv) of Theorem 2, by the same 

arguments which work for the exact circle and line shift isometries. 
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In the proof of Theorem 3 we will consider the properties of an associated 

Lp-isometry and its tail a-algebra. This approach is similar to that  used by 

Derriennic [7], [13] to prove the zero-two law for L1. The general form of the as- 

sociated Lp-isometry is given in [4], [6] and [3], and the technique of representing 

a positive Lp-contraction via an Lp-isometry has been to obtain other conver- 

gence theorems (cf. [1], [3]). In the present situation the action of the Lp-isometry 

on Lp-functions which are tail-measurable (cf. Section 3.3) captures some of the 

asymptotic  behavior of T n, while being easier to analyze. In particular, we can 

relate the asymptotic  circle and line cases for T to corresponding exact circle and 

line cases which are defined later for the isometry. These exact circle and line 

cases are obtained in a very simple way by constructing Rohlin towers for the 

nonsingular point transformation which induces the Lp-isometry (Lemma 7). 

I t  is natural  to consider whether an analog of Theorem 3 can be formulated 

which will help in analyzing the convergence of the modulus operator IT '~- Tn+ll, 
but we have not found such a result. 

2. T h e  d i l a t i o n  case  

We will shortly give the proof of Theorem 3 in a special case, which we now de- 

scribe. We will refer to the situation defined in the present section as the dilation 

case. It  is known ([4], [6], [3]) that  a rather general positive Lp-contraction T 

is equivalent via an Lp-isometry to an operator which satisfies the assumptions 

of the dilation case. For this reason, as we will show later, the general proof of 

Theorem 3 is a consequence of the proof in the dilation case. 

Let (f~, E , ' / )  be a probability space, and let 9 r be a sub-a-algebra of E. Let 

-r: f~ -+ f~ be a measurable and invertible point transformation on (~2, E,'),), 

meaning that  T is one-to-one and onto and both r and T-1 are measurable from 

E to E. We assume that  T and T -1 are nonsingular, so that  ")'(T-I(A)) ---- 0 if 

and only if "y(A) = 0, for all A E E. 

We will define the change of measure factor p associated with ~- as the Radon-  

Nikodym derivative d"/T-1/d'y. Of course, for any nonnegative E-measurable 

function f we have 

(11) / f oTd')' = / pfd% 

Since V -1 is assumed to be nonsingular we have p > 0, -y-almost everywhere. 

For any finite E-measurable function f on f~ we define 

(12) Wf  = p(f o v-l). 
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By (11), W is an isometry on LI(~ ,  F,, 3,). We note that p = W1. The operator 

W is almost multiplicative, since 

(13) W(fg)  = ( f  o T-1)Wg. 

We also define Wpf  = pl/p(f  o T-l) ,  SO that W f  p = (Wp]) p for f > 0. We 

see at once that  Wp is an isometry on Lp(f~,E,7).  We will say that  Wp is the 

Lp-isometry associated with the nonsingular point transformation T. 

For any integer n, let .Tn = T-n(~') ,  let 6n be the a-algebra generated by the 

union of 5rm, m < n, and let 7/n be the a-algebra generated by the union of ~'m, 

m > n .  
We assume that  the following "Markov" properties hold for each nonnegative 

integer n: 

(14) E[W y[7-I,~] = E[WYI.r,.,] 

for any f E L l ( ~ , ~ n , 7 ) ,  

(15) E[W flGn] = E[W fl.r,,] 

for any f C Ll(f~,74,~,7). Here, as in what follows, we use E to denote the 

operation of conditional expectation using the probability measure 7- It is an 

easy standard fact that either of (14) or (15) implies the other. 

We assume that  we wish to study a positive Lp-contraction T from Lp(~, .T', 7) 
to itself, with the following key property: 

(16) T f  < E[WpflT-lo ] 

for any f E L + (~2, 5 r,  7). 

The operator Wp is sometimes referred to as a dilation of T, especially when 

equality holds in (16). It is for this reason that we refer to the situation described 

in the present section as the dilation ease. 

Under the assumptions of the dilation case we will be able to carry out the 

proof of Theorem 3, using ~- as the main tool. Moreover, as mentioned earlier, 

we can reduce the general case to this situation. 

3. P r o o f  o f  T h e o r e m  3 in t h e  d i l a t i on  case 

3.1 PROPERTIES OF T. We begin by noting the relation between T and the 

operation of taking conditional expectation. To make the notation a little more 
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readable, for any sub-a-algebra/C of ~ we will sometimes write E [fJ/C] as Er.f. 
The next lemma applies to any nonsingular point transformation, and makes no 

use of (14) or (14). 

LEMMA 1: Let 1C be any sub-a-algebra of ~. Let T be any measurable and 
invertible point transformation which is also nonsingular. Then 

(17) E~(pc) W -- Er(ic) WElc. 

Proo~ Let f C L l ( f l , ~ , 7 ) ,  and let h = E~cf. For any A E/E, since 1A OT -1 = 

It(A), by (13) and the isometry property of W we have 

(18) ~(A)E~-(~c)WfdT=~(A)WfdT= f W1AfdT= f A f d  7. 

The same equation of course holds with f replaced by h. Thus 

(19) f A f d T =  /Ahd7= f~(a)E,(pc)Whd7, 

and the lemma follows. I 

By Lemma 1 we see easily that for any integer k 

(20) En~ W = Eu~ WEnk+l 

and hence that for each nonnegative integer n we have 

(21) Enk W n = Enk WnEnk+n. 

Since EnoEn_l :- Eno, it follows from the case k = - 1  of (20) that 

(22) E u  o W = Eno WEno. 

Let f c Ll(f~,7/k+,~,7). Then 

(23) Enk Wnf  = (Enk W'~l)f o T -n, 

since W'~f --- ( W ' l ) f  o T -'~ and f o T -~ is 7-/k-measurable. It follows easily 

from (23) that the restriction of the map EnkW n to Ll(~,7-lk+n,7) is an L1- 

isometry, and so the map from Lp(~, 7-lk+~, 7) to Lp(f~, 7-lk, 7) given by 

(24) g ~ (Enk W'~l)l/Pg o ~.-n 

is an Lp-isometry. 



260 M. AKCOGLU AND J. BAXTER Isr. J. Math. 

We also have for any nonnegative 7/k-measurable function f that 

(25) f = w~ 

Indeed, when f is bounded, we can write f = g o T -n,  for some bounded g, and 

(25) follows from the Ll-isometry property just stated. We may then apply the 

Monotone Convergence Theorem. 

It follows readily from (25) that the isometry defined by (24) is in fact onto 

from Lp(~,Yra+n,~/) to Lp(~,~'k,'y). When k = 0 we will denote the inverse 

isometry from Lp(~2 , U0, ~') onto Lp(~, Un, "y) by A,~. Clearly An is given by 

(26) An9 = (EnoV~nl) l /p o 

3.2 LIMITS OF MOVING ITERATES. 

3.2.1 Motivation. We define the positive LI(~,  Uo, ~/)-contraetion U, as follows: 

(27) U f  - E y o W  f. 

It is easy to show that (T f )  p < U f  p for all f E L+(f~, 9v0, 7), and also, using (22), 

that  E n o W n l  = Unl .  Though we will not make use of U later, this operator 

gives some insight into the long-term behavior of the ratio appearing in (26). 

The convergence of T n f  - T n + l f  would be trivial if we could show that  T n f  
converges to a limit, but unfortunately T'~f need not converge. However, we 

can adapt the following old observation from Markov chain theory. Consider a 
Markov chain (~n), and suppose that ~n has density fn with respect to p$o and 

density gn with respect to pgo, where f0 and go are two possible initial densities. 

If we assume that  {fo > 0} C {go > 0} (and hence that  {fn > 0} C {gn > 0}), 
it is easy to show that (f~/gn) o ~ forms a backwards martingale with respect 

to pgo  and thus converges very nicely, even though f~ may not converge at all. 

Intuitively, we obtain convergence of the ratio by observing the values of fn using 

an observer that  moves with the process. 

In our present situation we will use a slightly more complicated ratio involving 

both T and U, but the basic type of convergence is the same. Of course, the 

relevance of the limit we obtain must be shown later. 

3.2.2 Proving convergence. 

LEMMA 2: Let g be a nonnegative integer. Let f C L+(f~,~'0,~/). 

sequence ( (A~Tn- t  f )  p, 7tn)n=~,e+l .... is a backward submartingale. 

Then the 
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Proof: 

(28) 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

Since the restriction of Eno Wn+l to 

by (23), the lemma follows. II 

As a consequence of Lemma 2, 

(AnT'~- t f )  p converges both a.e. and 
converges both a.e. and in Lp-norm. 

all f e Lp(f~, Y0, ~). 

TAIL FIELD REPRESENTATIONS AND THE ZERO-TWO LAW 

Let un = (AnTn-e f )  p. Using (23), 

Euo W'~+lu,~+l =(T'~+l-e f )  p 

<_ ( Eno WpTn-e f ) p 

<_ET-to (WpTn-e f ) p 

=E~to W ( T n - e  f )  p 

= Euo W Eno W n  u,~ 

=ST-to W n + I Un 

=Eno Wn+ I E~t,+I Un. 

261 

L1 (f~, 7-/n+ 1,3') is an order-preserving map, 

for any f E L+(~,  ~'0,7) the sequence 
in Ll-norm. Hence the sequence A n T n - e f  

By linearity this conclusion then holds for 

l;V f = j ( f  o T- i ) ,  ITVpg = fillp(g o T-l) ,  

SO that Wp gives an isometry from Lp(ft, 7/oo, 7) into itself. 

(36) 

Let 

(37) 

= ET-tooP. 

Definition 2: For each nonnegative integer g and each function f E Lp(f~, )%, V), 
let Fef = limn_+~ A,~T~-e f . 

Since the maps Fe are limits of positive Lp-contractions they are also positive 
Lp-contractions. 

3.3 THE ISOMETRY Vvrp ON TAIL FUNCTIONS. Any function of the form Fef 

is measurable with respect to the tail a-algebra 7-/oo, which is defined as the 

intersection of all 7-/n, n 6 Z. It is easy to show that T(7-/oo) = 7-/~. 
We will relate the properties of W on L I (~ ,  7-Lc~, 3') to the limiting behavior of 

T n -- T n+l as n -+ cx3. 

Let/5 denote the change of measure factor for T when 7 is restricted to 7-/~, 
meaning that ~5 is nonnegative and ~oo-measurable, and such that 

(35) f f o r d T =  / f i f d ' 7  

for every nonnegative 7-too-measurable function f .  Then 
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LEMMA 3: For any nonnegative integer t and any function y �9 Lp(~2, .To, -),) we 

have FeTf  = 14zpFtf. 

Proo~ 
Then 

Since the operators involved are all linear we may assume that f > 0. 

Eno W n (AnTn- tT  f )  p = (T '~+l-t f)P 

=Eno w " + l  (A~+lTn+l-t f )  p 

=Eno W h E n ,  W (An+lTn+l-t f )  p , 

Proof'. Let f �9 Lp(fl, `To, 7). Then 

(43) A ~ ( T n f  - T " + I / )  ~ t o / -  roT/= t o / -  repro/= 0. 

Since each A,~ is an isometry this proves the lemma. | 

Det~nition 3: For any positive integer m, we will say that  l~p contains an 

exact circle of length m if there exists f C L+(f~,~/oo,~/) with f ~ 0 such that  

{f > 0} c {rol > 0}, 

(44) 17Vpf A lFVJ f = o for O <_ i < j < m, 

and 

(45) l ~ p f  = f .  

Similarly, for any positive integer m, we will say that  l~p contains an exact 

line segment of length m if there exists f E L+(f~,~/oo,'y) with f r 0 such that  

{f  > 0} C {Fol > 0} and condition (44) holds. 

3.4 RELATING T AND l~p. 

LEMMA 4: If  l;Vp is equal to the identity operator on those functions in 
Lp(f~, 7"loo, 7) which are supported on {Fol > 0}, then Tn f -Tn+l  f -~ 0 strongly 
a s  n ---~ cx3. 

(38) 

(39) 
(40) 

and we have 

(41) (AnTn- tT f )  p =En,  W (An+lTn+l-tf)  p 

(42) = (E~t,p) (An+lTn+l-t f )  p o T - 1 .  

Letting n --+ c~ and recalling that  T -1 is nonsingular, the lemma follows. 
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LEMMA 5: Let f E Lp(f~,7-/~, 'y),  such that {Ill  > 0} C { r o l  > 0}. There exists 

fn E Lp(~, 9Vo, 7), n = 0, 1 , . . . ,  such that 

(46) Fnfn  -~ f 

as n --+ c~, both almost surely and in Lp-norm. 

Proof'. By linearity we m a y  assume tha t  f > 0. Using a simple approx imat ion  

argument ,  we m a y  also assume tha t  f -- gF01, where g is nonnegative,  bounded 

and 7-/~-measurable.  Using l inearity again, we m a y  assume tha t  0 < g _< 1. 

Let 

(47) gn = E 6 n g ,  f ~  = g,~ o r -'~ Tnl .  

By the Markov p rope r ty  (15), g,~ is 9Vn-measurable, so f~ is 9to-measurable. 

Let  gl = g and let g2 = 1 - g .  Let g~,l = gn and let gn,2 = 1 - g n .  By 

the mar t inga le  theorem,  gnd -+ gj a lmost  surely as n --+ oc. The  sequences 

(g,~,j)n=l,2 ..... j = 1, 2, are uniformly bounded.  

Let  f n , j  = gn, j  ~  T nl, f o r j  = 1,2, so tha t  fn,1 = fn and fn ,2  = T " l - f m l .  

Let f j  = gjF01,  so t ha t  f l  = f .  Since ( A n T ~ I )  p ~ (Fo l )  p as n --4 co, bo th  

a lmost  surely and in L l -no rm,  it is easy to see using (26) t ha t  

(48) (hnf~ , j )  p = (gmjA~Tnl) p -~ (gjFol) p = fP 

as n ~ cx~, bo th  a lmost  surely and in L l -no rm,  for j = 1, 2. 

Since taking condit ional  expec ta t ion  preserves a lmost  sure and L1 convergence, 

it is also t rue  tha t  

(49) En~ (hnf~ , j )  p -+ fP 

as n --~ ~ ,  bo th  a lmost  surely and in L l -no rm,  for j = 112. 

Since ((AmTm-'~fmj)P ,7-/m)m=~,~+l .... is a backwards  submar t inga le  which 

converges in L l - n o r m  to (Fnfn, j )  p, we have 

(5o) 

Hence 

(51) 

(F~f~,j) p <_ E n ~  (Anf . , j )  p �9 

(rnfn,J V fy fy 

as n -~ oo, bo th  a lmost  surely and in L l -no rm,  for j = 1, 2, and so of course 

(52) v/5 
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as n ~ oc, both  almost surely and in Lp-norm, for j = 1, 2. 

Hence 

(53) ( m / n , 1 )  V f l  -- f l  "1- (F . / . ,2 )  V f2 - / 2  --+ 0 

as n ~ oc, both  almost surely and in Lp-norm. 

But we also know by linearity that  

(54) Fn/n,1 + r d . , 2  = F . T " I  = to1 : / 1  + )'2. 

Thus we also have 

(55) (r~/ . ,1)  v s - r . f . , 1  + ( r d . , 2 )  v f2 - r . / . , 2  ~ 0 

as n --~ c~, both  almost surely and in Lp-norm. Adding, we finally conclude that  

(56) [F,,/,~,I - f l l  + IF- / . ,2  - f21 ~ 0 

as n --+ c~, both  ahnost surely and in Lp-norm, and this proves the lemma. | 

LEMMA 6: For any positive integer m, if  l)dp contains an exact circle of length m 
then T contains an asymptotic circle of  length m, and ff I~p contains an exact 

line segment of length m then T contains an asymptotic line segment of length 

m .  

Proof: Suppose that  l~p contains an exact circle of length m. Let 

f E L+(f t ,7- /~ ,7)  with f r 0 such that  { f  > 0} C {r01 > o) and such that  (44) 

and (45) hold. We may assume that  IIfNp > 2. Let e > 0 be given. We may 

assume that  ~ < 1. By Lemma 5 we can choose some nonnegative integer ~ and 

some function fe E Lp(ft, :7=0, V) such that  IlFefe - flip < e. Then in particular 

we have HFefellp > 1. Since A~Tn-efe --4 f in Lp-norm, and An is an isometry, 

we see that  

(57) lim IIT'ftllp > 1. 
n--~ oo 

Also, by the definition of Fe there exists no _> / such that  for all n _> no we have 

(58) I I A n T n - e T i  f~ - r~T~ /~Hp < 

for i = 0, 1 , . . . ,  m. We see from (44) that  

(59) IIl~VpF~fe A IfVJFefellp < 2e for 0 _< i < j < m, 
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and hence that  

(60) [[r tT~h A r~TJftl[v < 2c for 0 < i < j < m. 

Thus for all n > no we have 

(61) [[AnTn+~-~ft A AnT'+J-tf t[[p < 4r for 0 < i < j < m. 

Using the fact that  An is an isometry, we see that  for all k > no - s we have 

(62) []Tk+ift A Tk+Jft[[ p < 4e for 0 _< i < j < m. 

Similarly, we find that  for all k _> no - / we have 

(63) IITk+mh - Tkhl lp  < 4r 

Since ~ > 0 is arbitrary, it follows that  T contains an asymptot ic  circle of 

length m. The proof of the line segment case is the same as the proof of (62) just 

given, so the lemma is proved. 1 

3.1 FINISHING THE PROOF OF THEOREM 3 IN THE DILATION CASE. Since 

we have just shown (Lemma 6) that  T will contain an asymptotic  circle or line 

segment if 12dp contains an exact circle or exact line segment, respectively, and we 

have also shown (Lemma 4) that  T n - T n+l --+ 0 strongly if ff'p is the identity 

operator on those functions in Lp(f~, 7/oo, ~/) which are supported on {F01 > 0}, 

the proof of Theorem 3 in the dilation case will be complete as soon as we establish 

the next lemma. 

LEMMA 7: Consider the following two statements. 
(a) Wp contains an exact circle of length m >_ 2. 

(b) 17Vp contains exact line segments of length m for every positive integer m. 

Suppose neither of these statements (a) and (b) is true. Then 17Vp must be equal 

to the identity operator on those functions in Lp(~,  3 /~ ,  7) which are supported 

on { r o l  > 0}. 

Proof'. We will prove the lemma by assuming that  l/;Vp is not the identity operator 

on those functions in Lp(f~, 7/~ ,  7) which are supported on {F01 > 0}, and then 

showing that  at least one of conditions (a) and (b) must hold. The argument is 

essentially a repetition of the old proof from ergodic theory of the existence of a 

Rohlin tower for an aperiodic point transformation. 

As a convenient notation, we will write 

(64) T = {F01 > 0}. 
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We note that  T is only defined up to a set of ~/-measure zero, and any properties 

that  we prove for T must be true for any version of this set. 

Since l~pF01 = FoT1, it is easy to show that  

(65) {I~dpF01 > 0} C {r01 > 0). 

We have l]VpF01 =/~I/p(F01) OT -1, and hence {l~pF01 > 0} = {/~ > 0}N{T(T)}.  

Since t5 > 0 almost everywhere, we have 7(T(T) -- T) = 0. Removing a set of 

measure 0 from T we may assume that  T(T) C T. 

Suppose that  for every A e 7-/~ with A C T we have 7(AAT(A)) = 0, and 

hence that  "~(T-t(A)AA) = 0. Then 

7(A) = "/(T-I(A)) = /A thd7 (66) 

for all A E ?{o0 with A c T, so that  ~5 =- 1 almost everywhere on T. Hence l)Vp 

is equal to the identity on functions of the form 1A, A E 7-/~ with A C T. By 

the usual argument of approximating nonnegative functions by simple functions, 

we see that  IIVp is equal to the identity on those functions in Lp(~, 74~, 7) which 

are supported on T, contradiction. Therefore we have shown that  for some set 

A �9 7-/~ with A C T we have 7(AAT(A)) > O. 
Since 7(AAv(A))  > 0 then either 7(A - T(A)) > 0 or 7(T(A) -- A) > 0. In the 

first case let B = A - T(A) and in the second case let B = A - ~--I(A). In either 

case we have 7(B)  > 0 and 7(B N T(B)) = O, and we see from the definition of 

l~dp that  lSdp has an exact line segment of length 2. 

If s tatement  (b) does not hold then let n be the largest integer such that  for 

some B �9 7/oo with B C T we have 7(B) > 0 and 7(~-~(B) N rJ (B))  = 0 for 

O < i < j < n .  
If  there is a/Coo-measurable subset C of B such that  7 (CAvn(C) )  > 0 then 

either 7(C-Tn(C))  > 0 or 7(Tn(C)-C) > 0. In the first case let D = C - v n ( C )  

and in the second case let D = C - ~--'~(C). In either case we have 7(D) > 0 

and 7(D ~ T n ( D ) )  : O. It  follows easily that  this contradicts the maximali ty 

of n. Consequently, we have 7(CATn(C)) = 0 for every ]C~-measurable subset 

C of B. Thus th, -= 1 holds almost everywhere on B, where f~n is the change of 

measure factor for T n. Since lId~f = jhnf o T -u ,  I Id~ ls  = lB.  By considering 

f = 1B we see that  l)dp contains an exact circle of length n, so statement (a) 

holds for m = n, and the lemma is proved. | 

This completes that  proof of Theorem 3 in the dilation case. 
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4.  R e d u c t i o n  t o  t h e  d i l a t i o n  c a s e  

4.1 PRELIMINARIES. It is an easy exercise to show that the proof of Theorem 3 

can be reduced to the case in which # is a-finite, and thence to the case in which # 

is a probability measure. The reduction to the case of a probability measure can 

always be carried out after any other reductions, so we will not need to normalize 

our measure space while discussing other reductions. Easy standard arguments 

allow us to assume without loss of generality that X is a compact metric space 

and ~ is the a-algebra of Borel subsets. We will omit these details. However, a 

little more work is needed to show that without loss of generality we may also 

assume that the operator T has full range and domain, or, more briefly, that T is 

a full operator. By full range we mean that T1 > 0 holds #-almost everywhere, 

and by full domain we mean that T has trivial nullspace. We will consider the 

nullspace of T first. 

4.2 FULL DOMAIN. 

3.2.1 The supporting set of a cone. In the context of a function space, a cone 

is a set of functions which is closed under the operations of addition and multi- 

plication by nonnegative real numbers. 

Let C be a cone in L + (X, ~', #) which is also closed in norm. Since we are now 

assuming that # is a-finite, let ~ be a bounded measure which is equivalent to #. 

Define 

(67) = sup{ ({f > 0}):  f e c } .  

Let fn E C be such that 

(68) "({In > 0}) --+ (~(C). 

Let D be the union of the sets {fn > 0}. It is easy to see that there is a function 

f E C such that D = {f  > 0} and also that if g E C then 

(69) #({g > 0} - D) = 0. 

Thus D is the unique maximal supporting set of a function in C. We will call D 

the supporting set of the cone C. Every function g in the cone is supported on 

D. 

4.2.2 Aymptotically null functions. We will say that a function f in L+(X, 5:, #) 
is asymptotically T-null if 

(70) lim [tTnf[lp = O. 
n - - 4  o~3 
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It  is obvious from the definition that  the set of asymptotically T-null functions 

is closed under T. Since T is a contraction, the set of asymptotically T-null 

functions is clearly a closed cone in L + (X, Y, #). 

LEMMA 8: Let f be asymptotically T-null. Let B = {x: f ( x )  > 0}. Then for 

any function g E L + (X, J:, It), the function 1Bg is also asymptotically T-null. 

Proof: Since the asymptotically T-null functions form a closed set, it is enough 

to consider g bounded, and hence to consider g bounded by 1. Let B,, = 

(x: f ( x )  > 1/n}. Since 

(71) IB .  ~ 1B, 

we have 1B.g -+ 1Bg in Lp-norm, so it is enough to show that  1B.g is asymp- 

totically T-null. Since 

(72) 1B.g < n f  

this is obvious, and the lemma is proved. | 

Let )~ be the supporting set of the cone of asymptotically T-null functions. 

By what has been shown, a function g E L + (X, .~, #) is asymptotically T-null if 

and only i fg  is supported on )~. Let ~7 = X - X  and let S = I:~T. Clearly, if g 

is supported on X then so is Tg, and so Sg = O. 

LEMMA 9: Let f E Lp(X, Y ,# ) .  Then for any n = 0, 1 , . . . ,  T n f  = S n f  + gn 
where g,~ is supported on )( .  Furthermore, gn --~ 0 as n ~ co. 

Proof: The first s tatement is an easy induction using the fact that  Th - Sh is 

supported on ) (  for any h. 

Let m be a nonnegative integer. For any nonnegative integer n we have 

IITn+'~fllp < IITnsmfllp + IITngmllp. Since gm is asymptotically T-null we see 

that  

(73) n-~lim liT"flip IIS fllp. 

The reverse inequality is clear, so the two limits are equal. But IITnfll~ = 

IlS"/llg + IIg.llg, and the lemma follows. | 

Using Lemma 9 it is easy to show that  in proving Theorem 3 we may assume 

without loss of generality that  #(.~) = 0. From now on we do assume this, so 

that  the only asymptotically T-null function is the zero function. In particular, 

T has only a trivial nullspace, i.e. T has full domain. 
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4.3 FULL RANGE. We now consider the range of  T. Let B = X - {T1 > 0}, 

and suppose tha t  # (B)  > 0. Let B r be a copy of B. We consider a new space 

X r = X U B ~, with measure #~ defined equal to # on measurable subsets of X 

and with #~(A t) - #(A) for any measurable subset A t of B ~, where A denotes 

the corresponding subset of B. We define a positive LP-contract ion T r on Lp(]~ t) 

as follows. If  f is supported on X,  we define T~f to  be equal to T ]  on X and 

equal to zero on B ~. If  f t  is supported on B ' ,  we let T~.f ' = (1/2) f '  + (1 /2 ) f ,  

where f is the function suppor ted  on B which corresponds to f~. I t  is immediate  

tha t  T t is a positive L p contraction,  and also tha t  T ~ has full range. Since T can 

be regarded as the restriction of T t to an invariant subspace of its domain,  it is 

obvious tha t  T n - T "+1 ~ 0 if (Tt) n - (T~) n+l --+ 0. Suppose tha t  T ~ contains 

an asymptot ic  circle of length m. Then  there is some positive Lp-function f 

such tha t  for large n the finite sequence (T t ) "+J f ,  j = 0, 1 , . . . , m  satisfies the 

conditions described in Definition 1. For any c > 0, for sufficiently large n we 

clearly have N(T')"f  - hnllp < c, where hn is equal to (T ' )n f  on X and hn - 0 

on B ~. It  follows tha t  T also contains an asymptot ic  circle of length m. Similarly, 

if T r contains an asymptot ic  line segment of length m then T also contains an 

asymptot ic  line segment of  length m. Thus  Theorem 3 for T ~ immediately  implies 

the result for T. We also note tha t  T r inherits properties of  T tha t  we have 

previously assumed, for example, T ~ has no asymptot ical ly  null functions if T 

has no asymptot ical ly  null functions. Thus  without  loss of generality we may 

assume in the proof  of Theorem 3 that ,  in addit ion to all previous assumptions,  

the operator  T has full range. 

4.2 THE DILATION REPRESENTATION FOR A FULL OPERATOR. The reductions 

made so far show that in proving Theorem 3 it is enough to consider the case 

of a full positive Lp-contraction on the Lp-space associated with a probability 

measure on the Bore] sets of a compact metric space. We will make one further 

reduction, namely to restrict our attention to the case of measure spaces which 

have been "enriched" by taking the Cartesian product with a copy of the unit 

interval, equipped with the usual Lebesgue probability measure. This extra factor 

in the measure space is completely independent of the action of the operator T 

under consideration, and in an obvious way we may consider T to be defined 

on the Lp-space of the new product measure. It is easy to show that if we can 

prove Theorem 3 for a new operator then it will hold for the original T. We will 

show that the new operator T on the enriched product space is equivalent, via 

an Lp-isometry, to an operator  which satisfies all the assumptions of the dilation 

case. This observation will complete the proof  of  Theorem 3. 
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The representation result we need is given, in various forms, in each of [4], [6] 

and [3]. We will follow [3] here. Actually [3] obtains a simultaneous representation 

for countable family of pairs of operators, but we only need the result for a single 

operator, and we will extract this part. 

For any full operator (also defined in Section 2.4 of [3]) on the Lp-space asso- 

ciated with a probability measure on the Borel sets of a compact metric space, a 

representation using conditional expectation and an Lv-isometry is obtained in 

Theorem 3.14 of [3]. The existence of the isometry in Theorem 3.14 is based on 

a measure algebra isomorphism K constructed in Lemma 3.9 of [3]. Because we 

have enriched our measure space, the map K can be chosen (using the notation 

of Lemma 3.9) to be a measure-preserving isomorphism from ($" • G, ~) onto the 

full product measure space on X • [0, 1], i.e. we can take the a-algebra 7~ of that  

lemma to be the full product a-algebra on X • [0, 1]. This form of Lemma 3.9 

implies that  in Theorem 3.14 the isomorphism M can be chosen to be a mea- 

sure algebra isomorphism between the full product a-algebras on X x [0, 1] and 

Y x [0, 1]. In turn, this form of Theorem 3.14 means that the measure algebra 

isomorphism M constructed in Section 5.2 of [3] can be taken to be a measure 

algebra isomorphism from the full a-algebra E to itself. The space (gt, E, ~/) of 

the present paper is the space (~, E, 0) of Section 5.2 of [3], while the a-algebra 

$" = J:0 of the present paper is the a-algebra E0 of [3] generated by the single 

coordinate w0. The mapping T of the present paper is defined so that the mea- 

sure algebra isomorphism M in Section 5.2 of [3] satisfies M ( A )  = T(A), i.e. M 

is simply T considered as a set map. 

The only other properties of the dilation case which are not explicitly discussed 

in [3] are the Markov properties (14) and (15). As mentioned earlier, it is an 

easy standard fact in the theory of Markov processes that these two properties 

are equivalent, so we need only prove one of them. Since the mapping T of 

the present paper is not assumed to be the coordinate shift on infinite product 

space, it seems better  to consider the case n = 0 separately. In the n = 0 case, 

we see that in terms of the infinite product space constructed in Section 5.1 of 

[3], our a-algebra Go is contained in the a-algebra generated by the coordinates 

Wn, n >_ 0, whereas our a-algebra 7t0 is contained in the a-algebra generated 

by the coordinates w~, n _< 0. Since the factors in the infinite product space 

are independent, it is then trivial to prove the Markov properties for n = 0. 

For general n _> 0, we make one more observation, namely that the change-of- 

measure factor p associated with our point transformation ~- is G0-measurable. 

The following general lemma then gives the result we need. 
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LEMMA 10 (Markov Properties): In the setting of Section 2, assume that (15) 

holds for n = O, and that the change-of-measure factor is Go-measurable. Then 

(15) holds for all n >_ O. 

Proo~ We will write W " f  = p,~(f o T-n),  where p ,  = W n l .  Since p is G0- 

measurable, we see that  p,, is also Go-measurable, noting that  

(74) Pn = P ( P ~  (po T-n+1).  

Let h be bounded and "/-/,-measurable. I t  is enough to show that  EGo h is S'n- 

measurable. Note that  h o ~--" is 7-/0-measurable. Since 

(75) W'~EGnh = Pn (E~n h) o T -n,  

and Lemma 1 does not depend on (14) or (15), we have 

(76) W n E ~  h =Ea0 W"Ean h 

(77) =E6oWnh 

(78) =E6oPn(h o T -'~) 

(79) =p.E o(h o 
(80) :p , ,Ej= o (h o T -n)  

(81) = W  '~ (E~=o(h o v -n ) )  o T n. 

Since (EJ:o(h o T - n ) ) o  T" is JCn-measurable and W n is one-to-one, the lemma is 

proved. | 

This finishes the reduction to the dilation case, and finishes the proof of 
Theorem 3. 
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